We study the connections between rational series with coe cients in a semiring and their languages.
Introduction
Rational languages have been studied in several points of view according to the way a language is considered. For instance, a language can be seen as a subset of a free monoid and the rational languages are strictly related to the nite automata by Kleene theorem, i.e., a language is rational if and only if it can be recognized by a nite automaton, or equivalently, if and only if its syntactic monoid is nite.
A language can also be regarded as a formal series with coe cients in the boolean semiring. This leads one to generalize naturally the theory of rational languages to the theory of rational series with coe cients in an arbitrary semiring, whereas considering the nonnegative integers or reals as coe cients allows one to deal with multiplicities and probabilities ( weighted grammars). In this consideration, the Kleene-Sch utzenberger Theorem is of fundamental importance. Rational series and rational languages are strongly related. Languages which are the supports of rational series have been extensively studied (see 9] and 2] ). The properties of languages which are supports of rational series strongly depend on the coe cient semirings. For instance, when the coe cient semiring is N or is nite the rational languages are exactly the supports of rational series. This is not generally true. On the other hand, it is well known that the characteristic series of a rational language is rational as a series with coe cients in an arbitrary semiring.
The purpose of this paper is to study the connection of rational series and rational languages. In section 2 we brie y review some basic de nitions and notation concerning semirings, rational languages and rational series. In section 3, we investigate the characters of semirings and prove that if R is a commutative semiring which is not a ring, then there exists a morphism of semirings from R to the boolean semiring B = f0; 1g. The characteristic series of rational languages are also discussed, we show that a language is rational if and only if its characteristic series is rational as a series with coe cients in any commutative semiring, consequently every additively-idempotent semiring is a Fatou extension of the boolean semiring. In section 4 we prove the niteness conditions of rational languages in terms of syntactic algebras. Finally, in section 5 we study the supports of rational series with coe cients in commutative semirings, and prove that the supports of rational series with coe cients in a quasi-positive semiring are rational languages.
Preliminaries
A semiring (R; +; ) consists of a nonempty set R on which we have operations of addition and multiplication de ned such that:
(1) (R; +) is a commutative monoid with identity element 0 R ; (2) (R; ) is a monoid with identity element 1 R ; (3) Multiplication distributes over addition from either side; Let be a nite set, called an alphabet. The free monoid generated by is the set of all nite sequences u 1 u 2 : : : u n of elements of , including the empty sequence, denoted by . An element of is a word and is the empty word. The length j!j of a word ! is de ned as follows: if ! = then j!j = 0; otherwise, if ! = u 1 : : : u n then j!j = n. A language is a subset of . A rational language is de ned in the following manner:
(1) Each nite language is rational; Finally, we note that if : R ! R 0 is a morphism of semirings and if S 2 R << >> is rational then (S) = P w2 ( S; w])w is rational in R 0 << >>.
Characters of semirings
A character of a semiring R is a morphism of semirings from R to the boolean semiring B.
We will denote the set of all characters on R, which may very well be empty, by char(R) and denote the cardinality of this set by jchar(R)j. Clearly, jchar(R)j = ; if R is a ring. It is proved in 10] that if R is a commutative semiring which is not a ring then char(R) 6 = ;. Let We note that the hypothesis of the commutativity of R in Lemma 3.1 is necessary, for instance, there exists no morphism from the matrix semiring B n n (n 2) to the boolean semiring B. On the other hand, according to Eilenberg 4] , a semiring R is termed positive if for any r; s 2 R, r 6 = 0 and s 6 = 0 imply rs 6 = 0 and r + s 6 = 0. Clearly, if a semiring R is positive then there exists a morphism of semirings from R to the boolean semiring B de ned by (r) = 1 for all r 6 = 0 and (0) = 0. It should also be noticed that a semiring having characters is not, in general, a positive semiring, for example, as we will see later, the product semiring R = N N of the non-negative integer semiring N has characters, but is not a positive semiring.
Given a language L , if L is a ratioanl language then its characteristic series C(L) is a rational series in R << >> for an arbitrary commutative semiring R. From Theorem III.2.7 in 2], we know that if R is a commutative ring and C(L) is a rational series in R << >> then L is a rational language. The following theorem generalizes this result. 
Syntactic algebras of languages
The notions of syntactic congruence and syntactic monoid of a language play an important role in the studies of rational languages. For a formal series with coe cients in a eld, or a commutative ring, Reutenauer 8] introduced the similar concepts of syntactic ideal and syntactic algebra. To each formal series, one can associate its syntactic algebra. Then the Kleene-Sch utzenberger theorem can be stated in the following way: a series is rational if and only if its syntactic algebra has nite rank. Later, Arz 1] generalized Reutenauer's construction to the more general setting of a formal series with coe cients in commutative semirings. The notions of syntactic congruences and syntactic algebras turn out to be very useful in the studies of languages; see 2] and 1]. Let R be a commutative semiring. The R-algebra of polynomials R < > is a free Rsemimodule having the free monoid as basis. The set R << >> of all formal series can be identi ed with the dual of R < > in the following sense: the set Hom R (R < >;R) of all R-homomorphisms of semimodules from R < > to R has the structure of a left R-semimodule in a canonical way, and R << >> is isomorphic to Hom R (R < >;R) as left R-semimodules.
Thus, to each S 2 R << >> we can associate an R-homomorphism S of semimodules from R < > to R, which is de ned by:
S : P 7 ! X w2 S; w] P; w] for all P 2 R < >.
Let S be a formal series in R << >>. We de ne a relation S on R < > by: P 1 S P 2 , S (QP 1 Q 0 ) = S (QP 2 Q 0 ) for all Q; Q 0 2 R < >. From 1] we know that S is a congruence of R-algebra on R < >. We call S the syntactic congruence of S.
The syntactic algebra of a formal series S 2 R << >>, denoted by A S , is the quotient R-algebra of R < > by the syntactic congruence S . An R-algebra A has nite rank over R if it is nitely-generated as an R-semimodule. Proof: The equivalence of (2) and (3) is immediate since L is a rational if and only if M is nite.
(2) ) (1): As we noted that A C(L) is a quotient algebra of R M], so (2) implies (1) . (1) ) (2) : If A C(L) has nite rank, we know, by Lemma 4.1, that C(L) is a rational series in R << >>. By Theorem 3.1, L is a rational language, establishing the desired result.
2 6 5 Rational series and rational languages Lemma 5 .1 If R is nitely generated commutative semiring, then jChar(R)j < 1.
Proof: Assume that R is generated by r 1 ; r 2 ; : : :; r n . We claim that for each character 2 Char(R), it is uniquely determined by (r i ), for all 1 i n. Indeed, for ; ' 2 Char(R) with (r i ) = '(r i ) for all 1 i n, since each element r 2 R can be expressed by nite sums of the form r k 1 1 r k 2 2 r kn n , it follows that (r) = '(r) for all r 2 R. So = '. Since there are at most 2 n characters such that they are di erent at r 1 ; r 2 ; : : : ; r n , this proves our result.
2
Denote Q R = fr 2 R j r n + g 6 = 0 for all g 2 R and n 2 Ng. We call Q R the quasi-positive part of R. A semiring R is called quasi-positive if R = Q R f0g. For instance, the product semiring R = N N of the non-negative integer semiring N is a quasi-positive semiring.
Thus, as we mentioned before, the notion of a quasi-positive semiring is a generalization of that of a positive semiring Lemma 5.2 Let R be a commutative semiring and r be an element of R. Then there exists a character of R such that (r) = 1 if and only if r 2 Q R .
Proof: If there exists a character such that (r) = 1 then r 2 Q R . Otherwise, there exists g 2 R and n 2 N such that r n + g = 0, it follows that (r) n + (g) = (0) and so 1 + (g) = 0, a contradiction. Conversely, for r 2 Q R , the co-ideal generated by r, F(frg), is not equal to R, and so, as we saw previously, r is contained in some maximal co-ideal If R is a commutative semiring and S 2 R << >> is a rational series then the suport of S is not necessarily a rational language. For instance, let R = Z and let = f x;y g. The series S = P w2 ( jwj x ? jwj y )w is a rational series. But suppt(S) = f w 2 j jwj x 6 = jwj y g is not a rational language. For details refer to 2, page 42].
Let S be a formal series in R << >> and let A be a subset of R. We denote by S ?1 (A) the language S ?1 (A) = f w 2 j 0 6 = S;w] 2 A g. Theorem 5.1 Let R be a commutative semiring. If S 2 R << >> is a rational series then S ?1 (Q R ) is a rational language.
Proof: If S 2 R << >> is rational we associate with it a linear representation (E; ; F). Since is nite, the subsemiring R 1 of R generated by the entries of E; (v) (where v 2 or v = ) and F is a nitely-generated semiring with set of generators f r 1 ; : : :; t m g. We note that S is a rational series in R 1 << >>. By Lemma 5.1, jChar(R 1 )j is nite, we may assume char(R 1 ) = f 1 ; :: : ; k g. Then i (S) 2 B << >> is a rational series for
